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Two simple turbulent shear flows, namely a surface jet and a mixing layer, under
the influence of stable gravity stratification, were investigated experimentally. The
shear flows were generated in the laboratory by letting fresh water flow over saline
water in a two-dimensional channel. Velocity and salinity measurements were made
using a hot-film probe and a single-electrode conductivity probe. The experimen-
tal results for the two flows were correlated each using a different set of length and
velocity scales. The initial development of the flows was relatively unaffected by the
stable stratification. As the shear flows grew in thickness, they were observed to
have a tendency to approach a ‘neutrally stable state’ in which the turbulent motion
neither extracted energy from nor lost energy to the mean flow. The gradient
Richardson number in this neutrally stable state was found to have the critical value
predicted by linear inviscid stability theory. The decay of turbulent intensity in the
longitudinal direction was observed to follow a power-law relationship similar to the
one obtained by Comte-Bellot & Corrsin (1966) for the decay of grid-generated
turbulence.

1. Introduction

The question of how turbulence is generated and how it maintains itself in a stably
gravity-stratified shear flow is a subject not only of technological interest but is also
of importance in theoretical modelling of turbulence. The original concept was
introduced in the classic work of Richardson (1920). It was suggested that for
turbulence to maintain itself, the production of turbulent energy must be greater than
the rate of work done against buoyancy force. According to this simple argument,
the so-called ‘flux Richardson number’ (defined locally as the ratio of the work done
against buoyancy force to the production of turbulent energy by the mean shear) must
be less than unity for turbulence to be sustained. More detailed considerations of
energy balance, including the energy dissipation by viscosity, were obtained later by
Ellison (1957) and by Townsend (1957). Through modelling of production and
dissipation terms they were able to relate the flux Richardson number to the gradient
Richardson number and hence determine the critical gradient Richardson number
for the maintenance of turbulence.

Townsend (1957) also performed experiments with a turbulent jet of intermediate
density injected along a stable gravity interface. Through visual observation he found
that turbulent entrainment of the outside fluid into the jet almost ceased as the values
of gradient Richardson number varied from 0.05 to 0.3. In the experimental study
of stratified pipe flows, Ellison & Turner (1960) suggested a critical gradient
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Critical Richardson number

Investigators gradient overall Flow description

Townsend (1957) 0.05-0.30 — 3-dimensional jet along density
interface

Ellison & Turner (1959) — 0.8 Surface jet and inclined plume

Ellison & Turner (1960) 0.15 — Turbulent pipe flow

Businger et al. (1971) 0.25 — Atmospheric boundary layer

Hopfinger (1972) 0.32 — Wall jet behind the wake of a
splitter plate

Turner (1973) 0.1 — Turbulent wake — data of Prych et al.
(1964)

Thorpe (1973) 0.33 — Unsteady mixing layer

Vanvari & Chu (1974) 0.21 0.15 Surface jet

Chu (1976) 0.21 — Jets and wakes — analysis of
previous data

Koop (1976) and 0.35 — Mixing layer behind a splitter

Koop & Browand (1979) plate

TABLE 1. Critical Richardson numbers

Richardson number of 0.15 in order to match the transfer coefficient measured in the
experiment with the theory of Ellison (1957). Based on data from an experiment on
a buoyant surface jet and with the help of an integral analysis, Ellison & Turner (1959)
obtained an overall Richardson number of 0.8 as the critical condition for the
cessation of turbulent entrainment into the jet. A critical appraisal of earlier works
can be found in Turner (1973).

More extensive measurements of velocity and density distributions have been
carried out in recent years for a variety of turbulent shear layers (Hopfinger 1972;
Thorpe 1971, 1973; Vanvari & Chu 1974; Koop 1976). It is now possible to define
and to evaluate the critical Richardson number from experimental data more directly
and more accurately. A summary of the value of the critical Richardson number
obtained by the different investigations for different flows is given in table 1. In
comparing the results in the table, it is important to recognize the possible difference
in the distributions of velocity and buoyancy across the different shear layers being
investigated. The Richardson number used in one investigation does not always have
a comparable definition in the others. The value of an overall Richardson number
depends on the choice of the scales. The value of a gradient Richardson number, on
the other hand, varies across the shear layer. Depending on the relative positions and
the shapes of the velocity and buoyancy profiles, the gradient Richardson number
may have either a minimum or a maximum across the layer.

Perhaps the most important advance in the more recent investigations of turbulence
in stratified shear flow is the realization of a possible connection of the observation
with the prediction by theory of hydrodynamic stability. Hopfinger (1972) has
suggested that collapse of turbulence is related to the collapse of Reynolds stress. Piat
& Hopfinger (1981) have found that the Reynolds stress goes to zero and even changes
sign. Thorpe (1971, 1973), Corcos & Hopfinger (1976) and Koop & Browand (1976)
have discussed the experimental results referring to stability calculations.

In a previous paper by Chu & Baddour (1980), we have shown, using a heuristic
discussion, that the development of a surface jet can be predicted from linear inviscid
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Ficure 1. Stratified flow channel: 1, fresh-water supply; 2, saline-water supply; 3, inlet weir;
4, testing section; 5, diffuser; 6, probe assembly; 7, skimmer; 8, tailgate; 9, drain.

stability calculation and that the flow has a tendency to approach a ‘neutrally stable
state’. This idea will be further substantiated in this paper by re-examining the
experimental result of Vanvari & Chu (1974) for the surface jet and the more recent
results of Baddour & Chu (1978) for the mixing layer.

2. Experimental apparatus and procedure

The experiment was performed in a two-dimensional channel, 10.7 em wide,
25.0 cm deep and 3.5 m long. The channel is divided into two end sections and a long
centre compartment as shown in figure 1. Flows were set up in the channel by first
filling the centre compartment with saline water. A turbulent stratified surface layer
was formed as fresh water passed over a broad crested weir and flowed over the saline
water in the centre compartment. The free-surface level and hence the initial thick-
ness of the surface layer were controlled by a tail gate at the downstream end of
the channel. The level of the interface was controlled by a skimmer installed at
a position 130 em downstream from the exit. Saline water was supplied continuously
along the channel bottom through a diffuser. The supply replaced the loss of saline
water entrained into the turbulent layer. It also acted as a downstream control. By
supplying saline water at a sufficiently high rate, it was possible to prevent the
formation of an internal hydraulic jump within the testing section.

The experimental results reported in this paper were obtained in a supercritical
flow region upstream of the internal jump. The flow was observed to behave as a
surface jet, as shown in figure 2, or as a mixing layer, as shown in figure 3, depending
on whether the value of the exitt densimetric Froude number was greater or smaller
than 3 respectively. Tests were carried out for the surface jets by Vanvari & Chu (1974)
and more recently for the mixing layers by Baddour & Chu (1978). The conditions
for these two series of experiments are summarized in tables 2 and 3.

Mean velocity and turbulent intensity were measured in the turbulent shear layer
using a quartz-coated cylindrical probe (TSI model 1210-W10) in conjunction with
aTSI-1053B constant-temperature anemometer and a TSI-1052 polynomiallinearizer.
Salinity concentration was measured with a single-electrode conductivity probe

1 In this paper ‘the exit’ is the entrance to the test section; = 0 at the exit as shown in figures
7 and 14.
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FigUrE 2. Shadowgraphs of the surface jet, Fr, = 3.53: (a) /L, = 0-3;
(b) 2.5-6; (c) 6-10; (d) 10-14.
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which has a platinized tip of 0.1 mm radius. The conductivity circuit was built
according to the work of Mied & Merceret (1970).

The voltage output from the hot-film anemometer and from the conductivity-probe
circuit was scanned and digitized by the GE/PAC 4020 computer facility at equal
time intervals and at a rate of 50 samples/s. The velocity and salinity statistics were
calculated from a 60 s record of 3000 samples.

The procedures used in the two series of tests for the surface jets and for the mixing
layers were essentially the same but with some variation. For example, analog devices
were used in the earlier tests to determine the mean and r.m.s. values instead of
using digital data-acquisition techniques. The detail of the experimental setup and
procedure was given in the reports by Vanvari & Chu (1974) and Baddour & Chu
(1978).

The length- and timescales of the surface jet and of the mixing layer are not the
same. The experimental data for the two flows are presented separately in this paper.
The results of the surface jet will be considered first, and this is followed by the results
of the mixing layers.

3. Surface jets

The development of the surface jet under the influence of stable stratification can
be observed through the series of shadowgraphs of the jet in figure 2. The thickness
of the shear layer can be seen growing linearly in the region close to the exit. Further
downstream, the growth of jet is suppressed by stable stratification and this is
accompanied by subsidence of turbulent activity. Eventually a layered structure can
be observed to form downstream as turbulence is dissipated and laminarization
begins.

3.1. Transverse profiles

The profiles for mean velocity U, mean buoyancy B and turbulent intensity u across
the surface jet are shown in figures 4, 5 and 6. The data in the figures are normalized
each by their maxima Uy, B, and u, respectively. The vertical coordinate 2z is
normalized by the half-thickness &, which is defined at a vertical position where
U = }Up,. The definitions for U, B, and & are sketched in figure 7.

Although the surface jet is not a self-preserving flow in the sense of Townsend
(1956), both the velocity profiles and the buoyancy profiles can be seen in the figures
to remain fairly similar. The mean-velocity profile can be approximated by a
Gaussian curve. The mean-buoyancy profile can be approximated by a linear
relationship. The following expressions fit the experimental data quite well:

—UU; = exp[-—ln2(§)2], (1)
—05(2
—B% ={01 (ji%}) 0 <2< 29), (2)

The buoyancy profile is seen here to have the same thickness as the velocity profile.
This feature is different from a free jet, which is known to have scalar profiles, such
as temperature and salinity, wider than the velocity profile. The rather linear profile
of the buoyancy in a surface jet is also unusual. Since there is no mass transter across
the free surface, the vertical buoyancy gradient should really be zero at the free
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Frcure 3. Shadowgraphs of the mixing layer; distances between vertical markings are 5 cm:
{(a) test no. 1, Fr, = 2.88; (b) 2, 2.29; (c) 3, 1.96; (d) 4, 1.64; (e) 5, 1.42; (f) 6, 1.25.

Test number 10 12 14 15
Velocity at the exit U, {(cm/s) 35.4 30.6 23.2 18.1
Salinity concentration at 3.0 3.0 0.5 0.5

the exit Ap/p (%)
Depth at the exit d (cm) 0.991 0.701 0.777 0.740
Densimetric Froude number 6.55 6.71 11.9 9.49
at the exit Fr,
Source-size parameter S 0.282 0.278 0.191 0.222
Lengthscale L (cm) 11.6 8.49 18.9 13.9
Buoyancy scale By (cm/s?) 8.33 7.48 1.05 1.28
Velocity scale U (em/s) 9.83 7.97 4.46 4.21
Volume flux scale @, (cm?/s) 114 67.7 84.0 58.3

TaBLE 2. Test conditions of the surface-jet experiment

surface. We do not have a good explanation about this unusual profile of buoyancy
across the layer. A similarly linear profile of buoyancy has been observed also in a
three-dimensional buoyant wall jet by Baddour & Chu (1978).

3.2. The longitudinal development and scaling

The longitudinal developments of the surface jet are shown in figures 8-11. The
experimental data for the jet thickness 8, the volume flux @, the maximum velocity
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Test number 1 2 3 4 5 6
Exit densimetric Froude 2.88 2.29 1.96 1.64 1.42 1.25
number Fr,
Exit depth d, (em) 1.73 2.01 2.23 2.49 2.74 3.00
Exit velocity U, (cm/s) 16.9 14.5 13.1 11.7 10.6 9.73
Salinity concentration at the 2.10 2.10 2.10 2.10 2.10 2.10
exit (%)
Exit buoyancy B, (cm/s?) 20.2 20.2 20.2 20.2 20.2 20.2
Lengthscale Lg (cm) 14.2 10.5 8.52 6.81 5.61 4.70
Transition distance x; (cm) 2.41 2.83 6.81 — — —
TaBLE 3. Test conditions of mixing-layer experiment
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Ficure 5. Mean-buoyancy profiles of the surface jet, test no. 14: ————————
equation (2); symbols are defined in figure 4.
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Ficure 6. Turbulent intensity profiles of the surface jet, test no. 14:
symbols are defined in figure 4.
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Fiaure 7. Definition sketch of the surface jet: (a) velocity profile; (b) buoyancy profile.

U,, and the maximum buoyancy By, are each normalized by the scale derived from
flow force M, and buoyancy flux F; of the jet as follows:
MO I% MO
Ls——f‘vﬁf’; Us_Fsa BS—E’ Qs"‘_ﬁ%—' (3a—d)
The buoyaney flux
yaney F, = dy B, U,

The flow force, which is the sum of momentum flux and excess hydrostatic pressure

foree, M, = Uydy+4Byds,

where U, is the mean velocity, B, the buoyancy and d, the depth of the flow at the
exit. Subscript 0 denotes the conditions at the exit.

The dependency on volume flux @,, which is equal to Uyd,, is characterized by the
source-size parameter Q
S = @2 = Frg§[1 +1Frg3) 1,

S
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dé/dx = 0.0678 is the same as a non-buoyant wall jet. The asymptotic thickness in the far-field
region is 0.297 L, which is equivalent to Bi = 0.133 or Ri,, = 0.185.
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Ficure 9. Volume flux . Symbols are defined in figure 8. The
asymptotic volume flux is 0.619¢Q,.

in which the exit densimetric Froude number

(Bod,)t

Fr,

Excellent, correlation of experimental data can be observed in the figures as the
data are normalized by the scales introduced in (3). The densimetric Froude number
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FieurE 10. The decay of the velocity Uy, in the longitudinal direction. Symbols are
defined in figure 8. The asymptotic velocity is 1.960,.
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Ficure 11. The decay of the buoyancy B, in the longitudinal direction. Symbols are defined
in figure 8. The asymptotic buoyancy is 2.43B,.

for the four tests of the surface jet is large, with values ranging from 6.7 to 9.5. There
is some weak dependency on the densimetric Froude number, but the data in the
far-field region can be seen in each figure to approach an asymptotic value quite
independent of the source-size parameter.

The initial increase in jet thickness can be seen in figure 8 to follow a linear
relationship, with a growth rate dé/dx = 0.068. This growth rate is the same as the
growth rate of a non-buoyant wall jet (Schwarz & Cosart 1961) but significantly
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smaller than the growth rate of 0.1 for a free jet (Gutmark & Wygnanski 1974). The
surface jet is distinguished from the wall jet by the absence of frictional stress acting
along the free surface. But the frictional stress is apparently not responsible for the
small growth rate in a wall jet. Perhaps the suppression of the sinuous mode (which
is more unstable than the varicose mode) by the solid boundary is responsible for
the small growth rate, as suggested by Chu & Baddour (1980).

The most interesting and important result to be observed here is the tendency of
each of the normalized data in figures 8-11 to approach an asymptotic value. These
asymptotic values are not independent of each other but can be related to a certain
critical Richardson number of a ‘neutrally stable state’, as shown in the following

discussion. ) ]
3.3. The integral constraints

In a surface jet, both the buoyancy flux and the flow force integrated across the jet
are conserved (see e.g. the derivation in Vanvari & Chu 1974), i.e.

F=f BUdz = agy Uy Bypd = £, (4a)
[1]
e o) o) 'z
0 o 0
The volume flux o
Q= J~ Udz = ay Uyd, (4¢)
0

which is not conserved, increases as ambient fluid is entrained into the jet.

The longitudinal variations of J, @, U, and B along the surface jet are not
independent but are related to each other through the integral constraints as specified
in (4a,b). The coefficients oy, ayy, agy and ag, are parameters depending on the
shape of the velocity and buoyancy profiles. For the velocity and buoyancy profiles

given in (1) and (2) © U /s
‘g = L md(g\) = 1.064, (5a)
apy = LOO (U—lfn)zd(g) =0.753, (5b)
apy = Lw%%d@ = 0.707, (5¢)
Apz = f%%d(%) = 0.666. (5d)

Now (4a—) can be rearranged and 4, ¢, Uy, and B,, can be expressed in terms of
an overall Richardson number Ri as follows:

Tl
Q _ ay B _ (6a)
Qs  ayp+(apz/agy) Ri

R

LA LN (65)
Ly ayy+(agz/agy) Ri
%’: = Ri}, (6¢)
By _ aUU+(aBZLiBU)E, (6)
B agy Rit

where Ri= R/ UB. (7)
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If a critical overall Richardson number of 0.133 is chosen and values of the
coefficients in (5) are substituted into (6a—d), Q/@Q,= 0.619, §/L,=0.297,
Un/Us = 1.96 and B,/ Bs = 2.43. These values are indicated in figures 811, and they
can be seen to fit quite well the asymptotic state as suggested by the trend of the
experimental data, thus confirming the chosen value of 0.133 for the critical overall
Richardson number. The data of 8, U,, and B, were obtained in the experiment
independently from each other. Their consistency with the integral constraints has
suggested that the experimental data are quite reliable.

The significance of the integral constraints in a surface jet has been recognized in
the pioneering study of buoyant surface jet by Ellison & Turner (1959). Similar
integral constraints have been used subsequently by Wilkinson & Wood (1971),
Hopfinger (1972) and Chu (1976) in dealing with other aspects of turbulent stratified
flow problems.

The critical overall Richardson number of 0.133 obtained above is not inconsistent
with the critical value of 0.8 obtained by Ellison & Turner (1959). The velocity scale
used in defining the overall Richardson number by Ellison & Turner (1959) is derived
from a top-hat profile. Agreement between the present result and those of Ellison
& Turner can be obtained by allowing a ratio of 0.6 between the top-hat velocity and
the maximum velocity Up,.

3.4. The ‘neutrally stable state’

We have seen that the surface jet has a tendency to approach an asymptotic state
in which the critical overall Richardson number is 0.133. The choice of the value of
0.133 is inspired by the instability analysis of Hazel (1972), who performed the
calculation for a laminar Brickley jet with a nearly linear buoyancy profile. According
to his calculation, the flow will be stable to small disturbance (of the varicose mode)
if the ‘minimum gradient Richardson number’ is greater than 0.185. This minimum
gradient Richardson number of 0.185 of the ‘neutrally stable state’ can be shown
to be equivalent to the critical overall Richardson number of 0.133 obtained above
for the asymptotic state.

The gradient Richardson number, by definition, is
. —0B/0z
Bi= S0/op

For a surface jet with the velocity and buoyancy profiles given by (1) and (2)

% = {SaBU(ln 2)2 (%)2 exp[—2 n2 (%)2]}—1, 9)

where Ri is the overall Richardson number as defined in (7). The variation of the
gradient Richardson number across the jet according to this relationship is shown
in figure 12. The gradient Richardson number has a minimum, which is

Bpd

Ri, = 1.39R: = 0.98 :
Ut

This relationship thus connects the critical overall Richardson number of 0.133 to
the minimum gradient Richardson number of 0.185 for the neutrally stable state.
The calculation of Hazel was originally applied to the stability of a laminar flow and
was based on an inviscid formulation. Qur interpretation of Hazel’s result for turbu-
lent flow is as follows.
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Fi6uRE 12. The variation of the gradient Richardson number across the surface jet for the velocity
and buoyancy profiles (1) and (2). The minimum gradient Richardson number is equal to 1.39R;.

1

- T T T 7T ' T T 7T ' T
a —
s}
L
- a ® -]
o DA
& ol
I~ Beg . =
N2
a
N,
Um - \%\. ]
[ZA a " N @
or oa N -
w O1F _ W B
& - a [= AN U {
U, o 4 m
: B ¢ '{A\ Us ]
s
)
L " .
s}
_\at
5 N W -
AN
0.01 ! S| n TR 1
0.1 1 10
x/L
Ficure 13. The decay of turbulent intensity «,, and entrainment velocity
Wei ————~—— , decay as x 986

The mean flow of the turbulent jet is envisaged as the basic flow in the stability
theory, while the turbulent motion can be seen as a superimposed disturbance. As
the minimum gradient Richardson number of the mean flow reaches the value of
0.185, that is the ‘neutrally stable state’ according to the inviscid theory, turbulence
will not be able to receive energy from or to lose energy to the mean flow. Hence
under this condition the turbulent intensity must decay owing to the steady drain
of turbulent energy by viscous dissipation. Since the supply of energy from the mean
flow is zero in neutrally stable flow, it is possible that the turbulence in such a flow
may decay in & similar manner as turbulence behind a grid.
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3.5. The longitudinal decay of turbulent activities

Figure 13 shows the longitudinal decay of the turbulent intensity w, and the
entrainment velocity W,. In the figure both can be seen decaying in a similar manner.
The ratio W,/u,, is approximately equal to 0.18.

The entrainment velocity was calculated in Vanvari & Chu (1974) using the formula

_d9
T da”

The volume flux @ was evaluated by integrating the velocity profile across the jet.
The entrainment velocity was then derived from the smooth curves which best fit
the data of Q.

The decay of turbulence as presented in figure 13 cannot be compared directly with
the decay of turbulence behind a grid. But further discussion will be given in a later
section.

We

4. Mixing layer

The development of the mixing layer is shown in a series of shadowgraphs in figure
3. The exit densimetric Froude numbers of these tests were less than 3. The shear
layer can be seen rcaching the asymptotic thickness before full establishment into
a surface jet is possible.

A series of six tests was conducted, but measurements of velocity and salinity were
made only for the first three tests, in which the layers were sufficiently thick and were
turbulent. (The development of the mixing layer in the other three tests is considered
in Baddour & Chu (1978).) The tests conditions are summarized in table 3. A schematic
diagram showing the key elements of the mixing layer is shown in figure 14.

The parameters affecting the mixing layer are different from those affecting the
surface jet. In a mixing layer, the mean velocity and the mean buoyancy in the
irrotational region above the shear layer are kept nearly constant. The scales of the
mixing layer are derived from the velocity U, and buoyancy B, at the exit as follows:

lengthscale L, = U/B,,
velocity scale U, = U,
buoyancy scale  Bg = By,
volume flux scale @ = U3/B,.

4.1. Velocity and buoyancy profiles across the mixing layer

Figure 15 shows the mean-velocity profiles of the mixing layer, normalized by the
velocity U, and the maximum-slope thickness é;;. The profiles can be seen to maintain
a rather similar shape up to a distance of about 1.5L; from the exit. Beyond this
point the velocity above the mixing layer begins to reduce and the shape of the
velocity profile is becoming less regular. The transverse structure of the mixing layer
is apparently changing continuously in the region beyond a distance of about 1.5L
from the exit. For convenience we will use a distance of 1.5L¢ as the dividing line
between a growing region and a collapsing region of the mixing layer.

As the mixing layer entrains fluid and increases in thickness, the elevation of the
layer can be seen in the figure to move continuously downward below the level of
the interface at the exit. In the growing region of the mixing layer, the midpoint
Zo.50 = 0.238, (see the definition of z, ;, in figure 14); this result is in agreement with
the observation in a non-buoyant mixing layer (Champagne, Pao & Wygnanski 1976).
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(@ do

(b) do

Figurkg 14. Definition sketch of the mixing layer: (a) velocity profiles; (b) buoyancy profiles. z = 0
is defined as the level of the interface at the exit. Veloeity distribution is not exactly uniform at
the exit.
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in the growing region where x/ L, < 1.5, while the open symbols denote data in the collapsing region
where /Ly > 1.5, ——————— , velocity profile in the growing region of the mixing layer.

The mean-buoyancy profile of the mixing layer is shown in figure 16. The midpoint
of the buoyancy profile, where B = 1By, can be seen shifting away even further below
the level of the interface at the exit. In the growing region of the mixing layer, this
shift is proportional to the layer thickness, with z; 5, approximately equal to 0.388;.
Again the shape of the buoyancy profile can be seen becoming less regular in the
collapsing region beyond a distance of 1.5L  from the exit.

4.2. Longitudinal development

The longitudinal development of the mixing layer is characterized by the key
POSItions 2, g5, 29 505 %0.105 Z0.95> 20.50 N1d 29 10, 88 defined in figure 14. Figure 17 shows
the longitudinal variations of these key positions of the mixing layer. The initial
development of the mixing layer can be seen to be quite unaffected by the stable
stratification; the spreading rate here is in agreement with the experimental results
of Champagne et al. (1976) for a non-buoyant mixing layer. The data for the two
maximum slope thicknesses of the mixing layer, 8;; and 65 (as defined by the velocity
and buoyancy profiles in figure 14), is presented in figure 18. The initial growth in
layer thickness is seen following a linear relationship; the rate of 0.178 is the same
as the non-buoyant mixing layer (Brown & Roshko 1974).

The layer thickness can be seen to reach a maximum, and then a slight reduction
can be observed in the collapse region. What causes the reduction is not obvious. This
reduction in thickness was not observed in the surface-jet experiment. The turbulence
in the surface jet had considerably finer scales. There were many coalescences of
adjacent large eddies in the surface jet before the stabilization of the flow by
stratification. It is possible therefore that the observed reduction in thickness of the
mixing layer is due to lack of turbulent fine scale. The fluid entrained into the mixing
layer was probably not fully mixed to the molecular level. As large-scale turbulent
motion was stabilized by stratification, some unmixed fluid may have de-entrained
out of the collapsing layer.
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Ficure 17. Key positions of the mixing layer defined by 0.95U,, 0.5U,, and 0.1U,, and by
0.958,,, 0.5B,, and 0.1B, as shown in figure 14. A, O, [J denote the velocity data and A, @,
B the buoyancy data for tests no. 1, 2 and 3 respectively. ~~~———— , dzg g5/dx = —0.060,
dz, 5p/dzx = 0.035, dz, ,o/dx = 0.150, which are the rates obtained by Champagne et al. (1976) for
a non-buoyant mixing layer.

The ratios of the lengthscales z, ;,/8y and z, 50/8y are shown in figure 19. Again a
clear distinction between the growing region and the collapsing region can be observed.
In the growing region of the mixing layer zy,,/8y = 0.23 and zj4/0y = 0.78.
In the collapsing region these ratios are changing continuously, indicating that
the transverse structure of the layer is no longer similar.

4.8. Total turbulent entrainment

The total entrainment of ambient fluid into the surface layer was obtained by
integrating the mean-velocity profiles from the free surface down to the visual
interface where z = h*, i.e. .

3

Qolw) = | Ulw,2)dz—0,

]
where @), is the initial volume flux at the exit. Figure 20 shows the total volume of
entrained fluid calculated in this manner. The initial rate of entrainment is the same
as the rate of a non-buoyant jet, in which d@,/dx = 0.035Q,/L, (Brown & Roshko
1974). As the layer approaches the neutrally stable state, the volume of entrainment
reaches a maximum. This maximum [Q./@Q]nax = 0.06 is in agreement with the
result from an integral analysis of the mixing layer by Baddour & Chu (1977). Some
reduction of ¢, can be noticed in the collapsing region of the layer. The reduction
could be due to lack of fine turbulent seale in the mixing layer as explained before — a
situation which would exist only in a small-scale experiment where the Reynolds
number is relatively small.
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ratios in the growing region of the mixing layer.

4.4. Gradient Richardson number

371

a) zq_50/8y; () 24 50/ 0y Note the relatively constant

The variation of the gradient Richardson number across the layer is shown in figure
21. The Richardson number was calculated here directly from the velocity and
buoyancy data using finite differences between adjacent data points. Because the
calculations were made without smoothing of the velocity and buoyancy profiles and
because the gradient Richardson number is very sensitive to any inaccuracy in
evaluation of the gradients, the scatter of the data in figure 21 was unavoidable.
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which is the critical minimum gradient Richardson number for the neutrally stable state (Hazel
1972).

Despite the scatter, some fairly definite conclusion can still be deduced from this
data. The minimum gradient Richardson number is no longer occurring quite at the
inflection point of the velocity profile, caused by the shift of the buoyancy profile
away from the velocity profile. The minimum gradient Richardson number can be
seen staying below a value of 0.214, which is the critical value obtained by Hazel
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FiGurk 22. The r.m.s. velocity u across the mixing layer, test no. 2. Symbols
are defined in figure 15.

(1972) for neutral stability of a laminar mixing layer. This latter result thus reinforces
the concept of a ‘neutrally stable state’, which was used quite successfully to describe
the asymptotic behaviour of the surface jet.

Itis important to point out that the critical gradient Richardson number obtained
by many previous investigations is not the true minimum. A gradient Richardson
number is often defined as

pix — 98p/p) %
UH

where &7, is the lengthscale associated with the velocity gradient at the inflection point
of the velocity profile, and 6z is the lengthscale defined at the inflection of the
buoyancy profile. But the minimum of the gradient Richardson number occurs at
neither of the inflection points. It is not too difficult to see, from inspection of figures
15, 16 and 21, that Ri* has a higher value than the minimum gradient Richardson
number £i,. The values of Ri* of the last three points of test no. 2 are 0.302, 0.323
and 0.469 for x/L, = 1.45, 1.94 and 3.88 respectively. Excluding the last two points
as they are in the collapsed region, the critical Ri* of test no. 2 would have a value
of about 0.30. This value is consistent with the experimental results of Thorpe (1973)
and Koop (1976), who used Ri* as the gradient Richardson number (see table 1).

4.5. Turbulent intensity

The r.m.s. (root-mean-square) velocity fluctuation w and the r.m.s. buoyancy
fluctuation b are shown in figures 22 and 23. These transverse distributions can be
seen in the region near the exit to be quite similar to the distribution observed in
a non-buoyant mixing layer. The peak value of /U, is only slightly smaller than
the peak value of 0.17 obtained by Champagne et al. {1976) for a non-buoyant mixing
layer.

The positions where » and b peaked are different, but can be seen in the figures
(i.e. figures 22 and 15 and figures 23 and 16) to each coincide with the inflection points
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Ficure 23. The r.m.s. buoyancy b across the mixing layer, test no. 2. Symbols
are defined in figure 15.

of the profiles of U and B respectively. The profiles of  are quite symmetrical, while
the profiles of b are skewed towards the low-speed side. The skewness of the r.m.s.
buoyancy profile is related to the shift of the mean-buoyancy profile away from the
mean-velocity profile. Similar r.m.s. density-fluctuation profiles have also been
observed in the non-buoyant mixing layer by Brown & Roshko (1974). They
suggested that the skewness is related to the unmixed nature of the mixing layer.

As the layer grows in thickness and becomes more affected by the stable
stratification, the intensities of u and b begin to decay. The decay is initiated first
in the central part of the mixing layer, while the levels of intensity at the two edges
are quite persistent and remain nearly unchanged.

The longitudinal decays of the cross-sectional maxima u,, and b, are shown in
figure 24. The limiting value of u,, /U, is 0.17, which was obtained by Champagne
et al. (1976) for a non-buoyant mixing layer. The maximum possible value for &,/ B,
is 0.5, which corresponds to a signal oscillating equally between the limits of B, and
zero. This kind of signal is expected if the tip of the conductivity probe is placed right
at the thin interface very close to the exit; small wave motion would cause the probe
tip to cross the interface and to experience the extremes corresponding to B, and zero.

The decay of the turbulent intensity in the longitudinal direction beyond the
growing region can be seen following a power law proportional to #7%-¢4; such a power
law has been observed by Comte-Bellot & Corrsin (1966) for the decay of nearly
homogeneous turbulence behind a grid. Similar power-law decay can be observed also
in the surface jet, the data of which is replotted against flight time ¢ in figure 25. The
translation velocity of the turbulent eddy in a jet is not a constant. The flight time
was calculated in Chu & Baddour (1980) using the Galilean transformation

dex
t=| —,
o Cg
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Fraurk 24. The decay of u,, and b, along the mixing layer. The limiting values of &, /B, and
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Figure 25. The decay of turbulent intensity u,, along the surface jet: ——————— , decay as {7984
Length- and time-scales are defined in (3); ¢ is the flight time of the most-unstable wave.

where ¢, is the group velocity of the most-unstable wave. According to Hazel (1972)
this group velocity is equal to 0.555U,,; Uy, was calculated from an integral analysis
as described in Chu & Baddour (1980).

The similarity in the way turbulence decay in the two stably stratified shear flows
and in turbulent flow behind a grid is a rather curious phenomenon. Perhaps the
connection through the power law of decay is not purely coincidental. Turbulence
in the surface jet or the mixing layer once reaching the neutrally stable state, would
be decaying without the supply of turbulent energy from the mean flow. This, of
course, is the way turbulence decays behind a grid.



376 V.H. Chu and R. E. Baddour

5. Summary and conclusion

The two sets of experimental data for the surface jet and for the mixing layer have
been scaled and correlated in this paper. The initial development of the flow in the
region near the exit was relatively unaffected by stratification, and the experimental
result in this region was congistent with existing data of the corresponding unstratified
flow. The manifestation of stable stratification is in the far-field region, where the
flow was observed to have a tendency to approach a ‘neutrally stable state’ predicted
by stability calculation. As the flow is approaching such a neutrally stable state, the
mean transverse profiles remain similar, but the turbulent intensity decays in the
longitudinal direction following closely the law of Comte-Bellot & Corrsin (1966) for
the decay of grid-generated turbulence.

The data presented in this paper are for supercritical flows, and a great deal of effort
has been made in the experiment to eliminate the downstream influence. Stratified
flows observed in nature are likely to be affected by both upstream and downstream
conditions. However, the downstream influence is a simpler problem. Velocity and
buoyancy distributionsdownstream of the internal hydraulic jump are nearly uniform,
and turbulent entrainment across the interface is negligible. Studies of downstream
influence have been made in a number of previous investigations, for example by
Wilkinson & Wood (1971), Koh (1971), Baddour & Chu (1975) and Chu (1976).

The surface jet and the mixing layer are simple turbulent shear flows that have
been investigated extensively. Many reliable experimental data are available for their
unstratified limiting cases. The existence of such a data base has simplified the task
of isolating the effect of stable stratification. The experimental data presented in this
paper are in agreement with the unstratified wall-jet results of Schwarz & Cosart
(1961) and unstratified mixing-layer result of Champagne et al. (1976) and Brown &
Roshko (1974). Furthermore, the experimental data are consistent with the constraints
required by the surface jet and the mixing layer. This check of consistency of the
data with the limiting cases and with the constraints is significant and it has made
it possible for us to reach conclusions with greater confidence.

We have presented the data in this paper in favour of a connection between
stability and turbulence. This connection has been proposed earlier by Malkus (1956)
and others. In a paper by Chu & Baddour (1980) the entire development of the buoy-
ant surface jet was predicted by a stability calculation. The connection between
stability and turbulence is a useful concept which may have a profound impact on
theoretical modelling of turbulence. The reason that turbulent motion is stabilized in
a stratified flow is due to its inability to extract energy from the mean flow. This
view is very different from the classical approach, in which the results are often
dependent on the modelling of energy-dissipation terms.

Note that the stability of the turbulent flow has been compared with an invisecid
theory. There is the question whether the effect of eddying motion may play a role
as pointed out by one of the referees. Maslowe & Thompson (1971) have investigated
the effect of viscosity and diffusivity on the stability of a stratified mixing layer.
According to their calculation, with a Prandtl number of 0.72, the critical Richardson
number increases from a value of 0.21 for a Reynolds number of 36 to nearly the
maximum value of 0.24 for a Reynolds number of 150. It appears that viscosity and
diffusivity are unimportant unless the Reynolds number is very small. In unstratified
flows, the effective Reynolds numbers are 23 for jets and 36 for mixing layers and
the turbulent Prandtl number is about 0.7 (Townsend 1976). As turbulent stratified
flows approach neutral stability, the Reynolds stresses approach zero, the mean-
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velocity gradient maintains a finite value, and the effective Reynolds number may
become very large. Perhaps this is the reason why the ‘neutrally stable state’ is
predicted favourably by inviscid theory.

The work reported here was supported by the Natural Sciences and Engineering
Research Council of Canada. We would like to thank the referees for the useful
comments which have led to improvement in the presentation of the paper.
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